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Abstract: The article presents algorithms for the synthesis of an optimal control system for
dynamic objects. As a model, we consider a differential equation of a continuous one-dimensional
system in the form of a state space, which has the properties of controllability and observability. The
paper shows the need to use an observation device in order to assess how the properties of the controlled
system change with the slightest change in the parameters of the control object, to assess the sensitivity
of the system to these changes. When finding a solution to the equation formulated to find the parameters
of the control law, computational difficulties arise due to the fact that the system of equations is, as a
rule, ill-conditioned. Considering the ill-posedness of the problem under consideration, regular
procedures were used. The above algorithms make it possible to synthesize a stable control system with
an optimal feedback gain.

Key words: dynamic object, optimal control system, synthesis algorithms, ill-conditioned system,
regular procedures, stable control system, optimal feedback gain.

Annotatsiya: Magqolada dinamik ob’yektlarni boshqarishning optimal tizimini sintez qilish
algoritmlari keltirilgan. Model sifatida boshgariluvchanlik va kuzatiluvchanlik xususiyatlariga ega
bglgan holat fazosi kg ‘rinishidagi uzluksiz bir g‘Ichovli tizimning differensial tenglamasi kg ‘rib
chigiladi. Ishda boshgariladigan tizimning xususiyatlari boshgaruv ob'ekti parametrlarining ozgina
g ‘zgarishi bilan ganday g ‘zgarishini baholash, tizimning ushbu g ‘zgarishlarga sezgirligini baholash
uchun kuzatuv moslamasidan foydalanish zarurligi kg ‘rsatilgan. Boshgarish gonunining
parametrlarini topish uchun tuzilgan tenglamaning yechimini topishda tenglamalar tizimi, yomon
shartlangan bg‘lganligi sababli, uni hisoblashda qator qiyinchiliklar yuzaga keladi. Kg'rib
chigilayotgan masalaning nokorrekt masala ekanligini hisobga olib, muntazam protseduralardan
foydalanildi. Keltirilgan algoritmlar teskari aloganing optimal kuchaytirish koeffitsiyentiga ega
turg ‘un boshqarish tizimini sintez gilish imkonini beradi.

Kalit sgzlar: dinamik ob’yekt, optimal boshqarish tizimi, sintezlash algoritmlari, yomon
shartlangan tizim, muntazam protseduralar, turg‘un boshgarish tizimi, teskari aloganing optimal
kuchaytirish koeffitsiyenti.

Annomayusn: B cmamvbe npusooamcs ancopummbl CUHME3d ONMUMATLHOU CUCHIEMbl
ynpasnenusi  OuHamuyeckumu — obvekmamu. B kauecmee  modenu  paccmampueaemcs
ougppepenyuanvhoe ypasHeHue HeNnpepuleHOl OOHOMEPHOU CUcmeMbl 8 (opme HpPOCMpPAHCMEA
cocmoanus, obnaoarowas ceolicmeamu ynpagiiemocmu u Habarooaemocmu. B pabome nokasana
HeobX00UMOCHb UCNONb306AHUSL YCMPOUCMEA HADIIOOEHUSI C Yelbl0 OYEHKU MO20, KAK UIMEHSIOMCs
CBOUCMEA YNpasisieMoll Cucmemvl npu manetuem U3MEeHeHUU Napamempos o0beKma ynpasieHus.,
OYEHKU 4YBCTNEUMENbHOCIU CUCEMbL K dMUM uzmeHeHusim. TIpu omvickanuu peuileHus ypagHenus,
ChOpMYTUPOBAHHO20 ONIsl HAXOICOEHUSI NAPAMEMPO8 3AKOHA YNPAGLEHUs, BOZHUKAIOM MPYyOHOCMU
BbIYUCTUMENBHO20 XApakmepd, 00YClo6/leHHble MeM 0OCMOSMeNIbCMEOM, YMoO CUCMEMA YPAGHEeHUll
A6I51eMCsl, KAK NPpasuilo, NI0Xo 00YCI06IEHHOU. Yuumvleds HeKOPPeKmHOCMb PACCMAMPUEAeMol
3a0auu  ObLIU UCNONL30BAHBL pecyliapHble npoyedypul. llpusedennvie aneopummvi NO3604510M
CUHME3UPO8ams YCmouyugylo CUCmeMY VYAPAGIeHUsi ¢ ONMUMAIbHbIM KOdpduyuenmom ycunenus
00pamHol ces3uU.

Knrwouegvie cnosa: ounamuueckuti 00bekm, ONMUMAIbHAS CUCINEMA YNPAGLEHUS], A2OPUMMbL
CcuHmesa, njioxXo 06YCLOBNIEeHHAS CUCEMA, Pe2YsipHble NPoyedypbl, YCMOUMUBAS. CUCEMA YNPAGTIeHUS,
ONMUMANbLHBIL KOIPDUYUEeHm YCUieHus 0OpamHotl Ces3u.

Introduction system. In order for the system to be operational, it

Ensuring a minimum root-mean-square quality must satisfy a set of requirements, among which the

criterion cannot be the only requirement for a control most important is the requirement of stability,

*lgamberdiyev Khusan Zakirovich — DSc, professor, academician, ihz.tstu@gmail.com, https://orcid.org/0000-0003-3047-526;
Mamirov Uktam Farxodovich — DSc, Associate professor, uktammamirov@gmail.com, https://orcid.org/0000-0002-5596-2819;
Khankeldiyeva Zebiniso Khabibovna — Assistant, bizi-84@mail.ru, https://orcid.org/0009-0005-2893-3704.

48

Technical science and innovation. No2/2024


mailto:ihz.tstu@gmail.com
https://orcid.org/0000-0003-3047-526
mailto:uktammamirov@gmail.com
https://orcid.org/0000-0002-5596-2819
mailto:bizi-84@mail.ru
https://orcid.org/0009-0005-2893-3704

ELECTRICAL AND COMPUTING ENGINEERING

preservation of quality in case of deviations of
parameters from the calculated values that are
inevitable in practice. Therefore, it is very important
to assess how the characteristics of the controlled
system will change with small variations in
parameters, to assess the sensitivity of the system to
these variations [1-5].

Let us note right away that for optimal systems
the variations in system characteristics will be less
than for non-optimal systems (with the same changes
in parameters). Indeed, optimal systems provide a
minimum quality criterion, but at the minimum point
the main, linear, term of the criterion increment with
variations in parameters vanishes. At the minimum
point, the increment of the criterion with variations in
parameters will be determined only by terms of
higher degrees, and, therefore, the sensitivity of the
optimal system to variations of parameters will
generally be small - less than the sensitivity of non-
optimal systems.

Of course, this circumstance is very favorable
for the design and operation of optimal systems. It is
the low sensitivity of the quality criterion for optimal
systems to variations in parameters that allows one to
relatively boldly make simplifying assumptions when
synthesizing optimal systems and not be afraid that
deviations of actual parameters from calculated ones
(unless these deviations are too large) significantly
worsen the performance of the system. However, in
some special cases there is increased sensitivity to

parameter variations. These special cases deserve the
most careful analysis, since they are the ones that
cause the most trouble when implementing optimal
systems.
Problem definition

We will consider a continuous one-
dimensional system that has the properties of
controllability and observability:

X(t) = AX() +byu(t);
y(®) = cx(b),
where A, b.and ¢,— nxn, nxland 1xn—

matrices, respectively.
We discretize system (1) using the quantization
period T and a zero-order extrapolator [6].

Assuming X, = X[KT], vy, = YIKT], we will
have

)

Xi1 = AX +buy, (2)

Y =CX 3)
where

A=exp(AT), b=[exp(A p)dp-b, c=c;.(4)

In this case, the pair (A, b) is controllable, and
the pair (c, A) is observable for almost all T. Let us
apply the following control law (k>n-1) to system (2)

- (4):

Uy = _gluk—n+l - gzuk—n+2 T gn—luk—l - hlyk—n+1 - h2 Yk—ns2 =~ hn Y - (5)
Let us rewrite (5), considering Ug,...,U, , as as state feedback for an open-loop system [2,
. L , 7]:
arbitrary initial values, for k >0: A b 0
Uginor == 91U —9oUp g —ooo = Oy qUk o — hlyk - h2 Y1 = hn Yknl1

Then, taking into account (2) we will have

| X A b X
Uga 1 Uy
uI<+2 = uk+1 !

) 1 .

Ugen1 | [0 =V oo ~ Vo1 || Ykin—2 |

where

§=(hy,hy,..., hn)(cT LATeT L AT T )T,
v; =0, +h,cb+hscAb+...+h cA b,

Vv, =g, +hscb+h,cAb+...+h,cA,_sb, ©)

V1 =0, +h,ch.

Designating X, = (X , Uy -, Uy, p_»)"  and
W, = Uy, 1 We will consider
W =—(8,V1, Va0 Vg ) X

xk+1 =

00 - O 1
Using a vector f (1xn) of feedback gains that
stabilizes an ideal closed-loop system
X1 = (A=bf)x,
we can choose k and V;according to the
relations
o="FA_, vy =TfALDb,... v, ,=fAb,v,_, = fb.
We will assume that for system (7) the i=0
values at Uy,...,U.,,_o are initial values, and at

k >0 the values W, = Uy, 4, are successive delays.
The amplitude of the response to the input influence
is determined by the value W, . Let us assume that the
cost indicator, which is minimized using W, , has the
form

J, =i(xIka+rw,f)- @)

k=0
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It can be shown that
f=(r+b"Pb) b7 PA, ©)

P=Q+ATPA-ATPb(r+b"Pb) 'bTPA,  (10)

and we have an optimum of indicator (8) if fin

(9) is the vector of the optimal feedback gain [7],
minimizing the indicator

Jo = Z(XIQXK + ru,f)
i-0
for system (2).
Options  hy,h,,....,h, control law (5) are

uniquely determined by relations (10) and (6), after

that u,, cannot be obtained from Y, . However,

under the assumption that Ug,...,U, are arbitrary
initial values, relation (5) for k >0, takes the form

Ugin =—91Ug == OpUiing — hlyk e hnuk+n—1 ' (12)

Therefore, similar results can be obtained in
this case. However, although the quantities g, can

be determined uniquely, system (11) is not
necessarily stable [7]. Let us define for 0 < m< 1 the

quantity
9 = y[kT+mT ] and %, =x[kT+mT].

which  the parameters can be calculated Let Uy,...,U,_; — arbitrary initial values. Then
01,9590 the implemented control law can be constructed for
T k>0 as follows [4, 7]:
()= 1A, (6T AT AT T .1 )
g, = fA_b—hcb—...—h cA b, Ugen ==01U = Galies == Onlhien-1 ~ MYk = PiYi = (13)

~P2Yis1— P2Yis1 =~ My Yien-1 = PnYisn1-

Relationship (13) coincides with relationship
(12) with the exception of additional terms p,y, . Let

g2 = fAh—?:b — h3Cb T hnCA‘I—3b’

0,4 = fb—h.ch.
Let us express equality (5) in the form of a
pulse transition function:
U(z) hz"t+h 2" ?+..+hz+h
Y(2) 2"t4g, 2" P4+ 0240,
Expression (11) is the equation for the optimal

compensator.
If we take the delay into account, it is obvious

us denote by T, =T —mT the computation time.
Thenat t =KT +mT
X =Ax, +bu,,
11) Yi =X,
where
A=exp(AmT), b = LmT exp(A.p)dpb,, c=c,. (14)
Substituting (14) and (2)-(4) into (13), we get
g,y = (gl — pyCh +hych+ p,cAb +...+ h cA™ b+ pnc;&A”’zb)Jk -
— (g2 — p,Ch +hch+ p,cAb +...+ h cA™ b + pnc,&A"‘3b),1k+1 ——— (gn - pnct;)m_l -

(15)
—(hy,hy e By, Py, P Py )(c', AC,.., A" A, AAT..., ﬂ’"‘lc’) X, =

==K — O U — VU g — .= Ol g

comparing different parts of relation (15), we
determine hy,....h,, Py,...,p,from the following

Let us consider them @4,..,0, as free
parameters and choose these parameters so that the

polynomial equation:
2"+0,2" +.. 40,2+, (Mo Doy Proeees PM = (K, = 5,V — 0,)  (16)
was stable. If 6, Vvy,...,V, are defined, then where
[ ¢ 0 0 |
cA ch 0 :
CA“:1 cA“:Zb ... ¢cb ... 0 (17)
M= CcA cb 0 0
cAA cAb cb :
CAA? | cAADb :
: : : : i 0
|cAA™ [cAA"™2h cAA" b .. cAb ... cb|
We rewrite equation (16) in the following where 2=(Nyer, Ny Proens P) and
form: Mol 18) | =(5,v,—0,...v,—g,) are dimension vectors (
1x2n).
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When finding a solution to equation (18),
computational difficulties arise due to the fact that the
system of equations (18) when finding z may be
poorly conditioned. This means that when solving
equation (18), it is necessary to use regularization
methods [8-11].

Solution of the task
To problem (18) in its general formulation we
apply the method of A.N. Tikhonov [10-12]. The
simplest option of A.N. Tikhonov is to find the
minimum point of the functional

@, (2) =a||Z|||2_| +[zm —I||2F, zeH, where ais a
small positive parameter. This minimum problem is
equivalent to determining z from the equation

az+IMMT =IMT (19)

Along with the described version of the method

by AN. Tikhonov (19), one can use its iterated
version. Let’s set the initial approximation

2o, =2 €H and a natural number 2n>1 and
sequentially calculate

formulas [12-14]:
oLy, + 2 MM =z

2y grrZong UsING  the

+IMT (m=1....2n); (20)
element z, , will be taken as an approximate

m-1,a

solution to equation (18).
The solution to equation (20) will be
determined by the formula

z,=IMT(MMT +al)*=IMTg_(MM"),
and the solution to equation (20)
Zyna = (1 =MM" gy, , (MM )2, +IM " gy, , (MM ),
where g,(4) and g,,,(2)— are written in the

form
0. (A)=(a+2)",

-l gl 1 a YV
H=S__24 1 . 0<i<
Gzna(2) J-Zz(:,(a+ﬂ)”1 z{ (a+lj OO

As above, we

0<A<o.

will define
Xk:(x[,uk,...,ukm_l)T, and relation (15) will be

considered as state feedback for an open-loop system

Ab 0
I : . (21)
X1 = " Xy + 0 Uin
00 ., O 1
Believing

s=fA", v, = fA"b,...,v, , = fAb, v, = b

and choosing f so that (A—bf)" =0, we obtain a
closed system (21), (15), which is reset to zero in 2n
quantization periods.
Conclusion
If f is selected according to (9), (10), optimal
control is realizable if W, , in relation (8) is replaced

by uk+n '
In the case when the pair (c,,A,) is observable
and det[A.]#0, if c A’'b, = 0(that is, system (1)

has no poles and zeros at the origin), then for any
given T =0matrix M (2nx2n) of the form (17) is

nonsingular for almostallm, 0 <m<1.
Thus, the hy,...,h,quantities p;,...,p, are

determined uniquely from relation (16).

The above algorithms make it possible to
synthesize a stable control system with an optimal
feedback gain.
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